In this note we discuss the invariance under general changes of reference frame of all the physical predictions of particle detector models in quantum field theory in general and, in particular, of those used in quantum optics to model atoms interacting with light. We find explicitly how the light-matter interaction Hamiltonians change under general coordinate transformations, and analyze the subtleties of the Hamiltonians commonly used to describe the light-matter interaction when relativistic motion is taken into account.
In this note we discuss the invariance under general changes of reference frame of all the physical predictions of particle detector models in quantum field theory in general and, in particular, of those used in quantum optics to model atoms interacting with light. We find explicitly how the light-matter interaction Hamiltonians change under general coordinate transformations, and analyze the subtleties of the Hamiltonians commonly used to describe the light-matter interaction when relativistic motion is taken into account.
I. INTRODUCTION
Particle detector models may be thought of as localized, controllable, first quantized systems that couple locally in space and time to quantum fields. Particle detector models in quantum field theory were pioneered by Unruh and DeWitt [1, 2] , and are used in the literature on quantum field theory, as well as representing atoms coupled to the electromagnetic field in the description of the light-matter interaction in quantum optics [3] [4] [5] .
On the one hand, from the fundamental fieldtheoretical point of view, particle detectors simplify the task of extracting localized information about the field without resorting to projective measurements of localized field observables [6] [7] [8] [9] . Particle detector models have been successfully employed in a host of contexts in fundamental quantum filed theory [10, 11] . Perhaps one of the best-known ones is the operational formulation of the Hawking and Unruh effects (see, e.g., [1, 12] ).
On the other hand, from the more applied point of view, more or less elaborated or simplified versions of particle detector models are ubiquitous to model the lightmatter interaction in experimental setups in quantum optics [5] and in superconducting circuits [13] . For example, an alkali atom as a first quantized system, can serve as such a detector for the second quantized electromagnetic field. In fact, the common light-matter interaction models, such as for instance the Glauber model [3] , or the Jaynes-Cummings model and its variants [4] , are in essence simplifications of the Unruh-DeWitt (UDW) model [2] , with extra approximations made on them (See, e.g., [14] for details). Indeed, as shown in section 2 of [15] , the UDW model is a good model of dipolar coupling in the light-matter interaction in quantum optics.
Particle detectors (both in the UDW variant and even more elaborate realistic atomic models coupling to the * emartinmartinez@uwaterloo.ca electromagnetic fields, e.g., [15, 16] ) have also been extensively used in the field of relativistic quantum information and quantum field theory. Examples can be found in relativistic quantum computing [17] [18] [19] , quantum communication via field quanta [20] [21] [22] [23] , cosmology [24] [25] [26] [27] [28] , the study of Casimir-Polder interactions [29] [30] [31] and in a number of studies of effects related to the presence of spacelike and timelike entanglement in the vacuum state of quantum fields both from fundamental [32] [33] [34] [35] [36] [37] [38] [39] [40] and applied [41, 42] perspectives. Interestingly, in these studies it is shown that it is possible to harvest correlations from the field vacuum to spacelike separated detectors, which gives an operational proof of the spacelike entanglement present in the quantum vacuum [43, 44] .
Because of the fundamental and applied usefulness of particle detector models in the context of relativistic quantum information, the natural question arises as to what extent these models (which involve non-relativistic systems coupled to fully relativistic quantum fields) behave in a covariant way in regimes where relativistic effects become important. This is of special importance when studying phenomena for which the causal behaviour of the model is key. Although particle detector models have been proven not to suffer from faster-than light signalling [14, 20] , showing that is not sufficient: the models would not be any good if all their physical predictions were not be invariant under changes of reference frame.
The purpose of this note is double. On the one hand we will show (non-perturbatively) how the transformations between reference frames do not modify the predictions of properly formulated particle detector models, which is a manifest consequence of the fact that the coupling between the detector and the field is fully covariant regardless of the first-quantized nature of the detector. This will allow us to discuss the subtleties on the interpretation of the different parts of the Hamiltonian when particle detectors undergo relativistic trajectories. For example, when we are trying to model the physics of moving detectors.
On the other hand, we will show explicitly, and in a constructive way, how to perform general coordinate transformations on the light-matter interaction Hamiltonians. This will allow us to constructively show what is the exact form of the Hamiltonians in different reference frames, something that is not shown explicitly in the literature to the authors' knowledge. This is especially important in the case of smeared detectors (which, like atoms, are not pointlike and instead have a spatial profile), where the relationship between Hamiltonians in different reference frames presents subtleties due to the mixing of space and time in general coordinate transformations. After this, and as a didactic exercise, we will illustrate the invariance explicitly with an example: a perturbative calculation of a transition probability in two reference frames for pointlike and for smeared detectors.
II. TIME REPARAMETRIZATIONS
Before talking about relativity or particle detectors, let us first clarify a more basic basic question: how a Hamiltonian behaves under time reparametrization. That is, given a HamiltonianĤ t (t) that generates time translations with respect to a time parameter t, what is the HamiltonianĤ τ (τ ) that generates translations with respect to a different time parameter τ , knowing that the relationship between the two parameters is given by the non-singular reparametrization function t(τ ).
Of course this is well-known (it is just a basic problem of classical mechanics) and can be found elsewhere (e.g. [42] and other places such as analytical mechanics texts), but we include here a very easy way to see the effect of a reparametrization on a Hamiltonian just from the transformation of Schrödinger equation. Namely, if we start from the equation
and carry out the reparametrization to a new time parameter τ , using chain rule for the time derivative we get
Notice thatĤ t (t(τ )) is not the Hamiltonian that generates time translations with respect to τ . Rather, it still is the Hamiltonian that generates translations with respect to t written as a function of τ . To obtainĤ τ (τ ) we need to rewrite (2) in the standard form of the Schrödinger equation, which yields
This allows us to directly identify the form of the reparametrized HamiltonianĤ τ (τ ) that generates translations with respect to τ :
that is, there is a multiplicative factor dt dτ (that we will call from now on a redshift factor ) resulting from the reparametrization.
After clarifying this basic question we want to highlight that, as is easy to see, time evolution is invariant under time reparametrization. Indeed,
Notice that in this note, the region of integration for the time evolution operator is the whole R. The finite nature of the interaction is implemented through the time dependence of the Hamiltonian, and not in the integration limits as is somewhat common in some textbooks. This is more general and also the cleanest way to talk about interactions of detectors with quantum fields, since in this way one can account for the rate of how fast the interactions are turned on and off in the time dependence of the interaction Hamiltonian, instead of suddenly switching it off at a given time. This is particularly relevant in scenarios where sudden switching can induce divergences [45] [46] [47] .
Recall that in this section we are just considering the reparametrizations, not necessarily coming from general changes of coordinates. Changes of coordinates associated with changes of reference frame requires addressing extra subtleties that will be better clarified when we consider the case of smeared detectors in section IV.
III. THE DETECTOR-FIELD SYSTEM HAMILTONIAN
The Unruh-Dewitt models (and furthermore, all the light-matter interaction models used in quantum optics in general grounds) consist of a particle detector, which is a non-relativistic first-quantized localized system coupled to a quantum field.
Because of its first-quantized nature, it is not uncommon to hear the following question when it is introduced in relativistic setups: 'how is the model going to be respectful with Lorentz covariance if the detector is a nonrelativistic first-quantized system?'. In this note, we are going to show that being careful with how the interaction Hamiltonian between field and detector is prescribed, being careful with respect to what time the different parts of the Hamiltonian generate translations, and finally being careful with time reparametrizations associated with changes of reference frame, the predictions of the model are fully independent of the reference frame in which we describe the dynamics of the detector-field system.
We also have the secondary goal of showing explicitly the subtleties that appear when we consider pointlike and non-pointlike smeared detectors (as it is the case with, e.g., realistic atoms) interacting for finite times with the field, and we perform transformations of reference frame, showing explicitly how light-matter interaction Hamiltonians are transformed.
Free and Interaction Hamiltonians
In quantum optics literature it is often the case that Hamiltonians are given as if the free Hamiltonian of detector and field, as well as the interaction Hamiltonian coupling them would generate translations with respect to the same time parameter. This is so because in usual quantum optics there is no concern with respect to what time those Hamiltonians generate translations since there is usually only one reference frame (the lab frame) and the detector does not move or moves non-relativistically.
However, a particle detector can certainly move relativistically with respect to the lab frame, and the lightmatter interaction coupling must have the right properties in terms of invariance of physical predictions under changes of reference frame. Therefore we need to be mindful of this when we write the detector-field interaction Hamiltonian.
Let us briefly review the different Hamiltonians involved in the description of the detector-field dynamics.
• Free Hamiltonian of the detector: This sets the internal energy scale of the detector Ω. That energy scale is the proper energy gap of the detector, and it is prescribed in the comoving reference frame of the detector. Consequently, in its standard form, it generates translations with respect to the detector's proper time τ . In the Schrödinger picture it is given by:
whereσ ± are SU(2) ladder operators.
• Free Hamiltonian of the field: Picking a particular quantization inertial frame (t, x), it is most straightforward to write this Hamiltonian as generating time-translations with respect to that frame. Expanding the field in terms of a set of orthonormal modes (a basis of solutions to the wave equation that we label with the label k) the field energy is the sum of the energies of every mode. Subtracting any zero-point energy contribution this is
where
k are respectively annihilation and creation operators satisfying canonical delta-commutation rules. For a massless field (as the one we will be focusing on later) ω k = c|k|.
• Interaction Hamiltonian: Although there are non-linear variants (see e.g., [11, 48, 49] ), the interaction Hamiltonian is usually bilinear in an observable of the field and an observable the detector. The usual prescription in the literature for UnruhDeWitt detectors (see e.g., [11] ) is that the Hamiltonian takes its simplest form when it generates translations with respect to the detector's proper time τ . Specifically, the interaction Hamiltonian for a pointlike UDW detector is usually prescribed by saying that the detector's monopole moment is coupled to the field amplitude along the trajectory of the detector. Namely, (in the Schrödinger picture) the UDW interaction Hamiltonian takes the form [11] SĤ τ
where the monopole moment and the field operator in the Schrödinger picture are given respectively aŝ
and where u k (x) are the solutions to the spatial part of the wave equation in an arbitrary basis (e.g., if we choose the plane wave basis,
, where the normalization factor of the solutions to the full wave equation have been absorbed in the spatial part). χ(τ ) is a switching function, and the coupling constant λ has dimensions of [length] (d−3)/2 , where we recall d is the number of spatial dimensions.
The monopole coupling to a scalar field amplitude makes the Unruh-DeWitt model a very good approximation for the atom dipole coupling to the electromagnetic field. Not only that, the UDW model is in fact the Hamiltonian used in quantum optics [5] , usually under additional assumptions such as the rotating wave approximation. How the UDW model captures all the fundamental features of the light matter interaction is discussed in detail section II of [15] . Understood as such approximation, we do not have freedom to choose the interaction Hamiltonian, but instead it is the physics of atoms coupled to the electromagnetic field that dictates it. Hence, it is from the atomic centre of mass reference frame that the atom presents a dipole that couples to the electromagnetic field as seen from the centre of mass of the atom. It is in this simple form of a product of a dipole moment coupled to the electric field that UDW Hamiltonian becomes the scalar version of the atomic coupling to the electromagnetic field, and as such the traditional literature prescription of the interaction Hamiltonian (8) is also natural to model the lightmatter interaction.
The unitary transformation from the Schrödinger to the interaction picture is [50] 
where DÔ is an operator representing an observable O in the interaction picture, SÔ is the same operator in the Schrödinger picture, and
H τ 0 is the free Hamiltonian of the system, τ is a time parameter with respect to which it generates translations and the integral is an indefinite integral (the integration constant adds an irrelevant phase). Notice that the operator that switches between the two pictures is invariant under time reparametrizations in the same way as the time evolution operator (5), and indeed
This should not be surprising since the unitary that switches form Schrödinger to interaction pictures corresponds to the evolution operator associated with free evolution. Substituting in this expression the free Hamiltonians (6) and (7), we can find, respectively, the monopole moment operator and the field operator in their respective interaction pictures, and using the identities
and its Hermitian conjugates we can finally write the interaction Hamiltonian in the interaction picture. The monopole moment of the detector in the interaction picture can be readily found to bê
where we have not written the picture subindex for the interaction picture operators to alleviate notation.
IV. SMEARED DETECTORS UNDER GENERAL COORDINATE TRANSFORMATIONS
Modelling non-pointlike detectors (such as atoms) presents some subtleties that have to be addressed carefully. Same as for the pointlike case, we need to decide what is a reasonable interaction Hamiltonian between a detector and the field. We have already discussed that the interaction Hamiltonian would take its simplest form when it is prescribed from the detector's frame. Hence, finding inspiration in atomic physics, as an atom undergoes motion, we can assume that the electromagnetic interaction keeps every point of the atom accelerating with different accelerations so as to keep rigidity. Note that this is an approximation, not valid for extremely high accelerations, but it is a good approximation still for reasonable high accelerations (even larger than 10 17 g [51] ). Consider a detector with a fixed shape as seen from its centre of mass reference frame (τ, ξ), undergoing arbitrary motion with respect to the lab frame (t, x), which is also the quantization frame for the field. The detector couples to the field in all the points of its smearing simultaneously (in the centre of mass frame). The free Hamiltonians of both field and detector remain the same (although one has to be careful with the different times that they generate translations with respect to) and therefore the transition from Schrödinger to interaction picture is analogous to the previous section.
What makes the smeared case more challenging than the pointlike case, is that every point of the detector undergoes a different accelerated trajectory to keep rigidity. In other words, the detector moves keeping the same shape in the centre of mass reference frame (FermiWalker rigidity) and interacts with a scalar quantum field in all the points of its trajectory. However, under all these considerations, it is not difficult to prescribe the form of the Hamiltonian in the detector's centre of mass frame (precisely because in that frame the detector does not move). The Hamiltonian basically consists of the pointlike Hamiltonian integrated over the 'density' function of the detector, called the smearing function in the literature, f (ξ). Writing all this into a mathematical expression we get that the interaction Hamiltonian in the interaction picture is
which is the form used in the literature of particle detectors [45, 52] . Again, it is possible to see that this smeared version of the UDW model is a very faithful approximation to the realistic Hamiltonian that one gets out of the dipole coupling of a hydrogen atom to the electromagnetic field. The smearing function in the case of hydrogenoid atoms is proportional to the product of the atomic wave functions of the ground and the excited states (see section II of [15] for details and a derivation from first principles). This Hamiltonian generalizes the one we saw in equation (8) for a pointlike detector. Indeed, notice that if f (ξ) = δ (d) (ξ) (if we consider a pointlike detector), (15) becomes exactly (8) in the interaction picture.
For this smeared detector, the switching and the smearing are prescribed in the centre of mass reference frame of the detector. General coordinate transformations will, however, mix time and space. To properly perform coordinate transformations it is convenient to construct an Unruh-DeWitt Hamiltonian density:
so that the Hamiltonian in this frame is
This is convenient because the time evolution operator is the time-ordered exponential of the Hamiltonian integrated in time, which is a space-time integral of the Hamiltonian densitŷ
Note, that the integral is taken over the whole spacetime, and this evolution operator takes the state of the detector and field on a Cauchy surface in the asymptotic past, and evolves it to a Cauchy surface in the asymptotic future.
The localized nature of the interaction and its finite duration in time comes through the time and spatial support of the switching and smearing functions in the Hamiltonian density. We can find the Hamiltonian density in a different reference frame precisely demanding that time evolution is invariant under changes of frame. For example, consider a different frame (t, x). The Hamiltonian density generating time translations in that frame Dĥ t I is fixed demanding that
In particular, if the frame (t, x) corresponds to the quantization inertial frame of the field, the Hamiltonian density in the frame (t, x) is
∂(t,x) is the Jacobian of the change of coordinates.
Therefore, the transformed Hamiltonian that generates translations with respect to the lab time t is the integral over space of the corresponding Hamiltonian density. Namely,
Note that, in general, it is not possible to write the Hamiltonian as a switching function times an integral over a (time independent) smeared field observable in a different frame than originally prescribed. Instead time and space get obviously mixed in the new Hamiltonian.
A particularly illustrative example that will be useful for later discussions is to see what is the interaction Hamiltonian from the lab frame for a detector that moves in an inertial trajectory with respect to the lab frame. Without loss of generality, for this example we can choose the velocity to be in the x direction so that the trajectory is given by (x(t), y(t), z(t)) = (vt, 0, 0). The coordinate transformation between the centre of mass frame and the lab frame is a simple Lorentz transformation
together with ξ 2 = y, ξ 3 = z, where γ = (1− 
substituting this in (21) we get
If f (ξ) = δ (d) (ξ) then the spatial integral can be performed, and its effect is that it imposes the constraint that precisely the field is evaluated along the trajectory of the detector x = vt, using that (as a distribution) δ(ax) = 1 a δ(x) the spatial integration yields
for the Hamiltonian that generates translations from the lab frame in the case of a pointlike detector on an inertial trajectory.
One can wonder what would be the Hamiltonian if the switching function is controlled from the lab frame, that is, the experimenter is the one switching on and off the interaction with the field. For example one can think of a device that prepares the state of an atom at the entrance of an optical cavity. The device would carry out a projective measurement on the atom in its free energy eigenbasis such that it ends up prepared in the ground state (i.e. we measure with optical means, and post select only on ground states). Then the atom enters the cavity transversely (or forming some angle with the axis of the mirrors) spending a finite time interacting with the field. Or for example, in microwave cavities with superconducting qubits, it is possible to control the strength of the coupling of a superconducting qubit with the quantum electromagnetic field inside a microwave guide as a function of time, and to make it vary either smoothly or sharply following any desired profile (see e.g. [53, 54] ).
The temptation in this case could be to just write that, in the lab frame, we can factor the switching function out of the integral in space. We will check whether that expectation is well aimed or not.
The Hamiltonian density in this case would be given by
Notice that, unsurprisingly, if it is the laboratory frame that switches the interaction, different points of the detector will perceive the switching of the interaction in nonsimultaneous instants. In the same fashion as above, we can now readily transform (26) to obtain the Hamiltonian density that will generate transformations with respect to lab time:
From here we can obtain the Hamiltonian integrating the Hamiltonian density in space:
where we see that even though the switching function χ(t) factors out there is also extra time dependence in the smearing function.
V. THE SIMPLE CASE OF POINTLIKE DETECTORS IN ARBITRARY TRAJECTORIES
For a pointlike detector f (ξ) = δ (d) (ξ), carrying out the spatial integral in (15) reduces the Hamiltonian to the monopole moment of the detector coupled to the pullback of the field on the detector's trajectory. Indeed, upon integration over ξ, (15) becomes
where t(τ ) = t(τ, 0), x(τ ) = x(τ, 0) is the trajectory of the centre of mass of the atom from the frame (t, x). This is the standard form of the Unruh-DeWitt Hamiltonian as originally introduced by DeWitt and as is most commonly used in the literature. In this simple case, the transformation of the Hamiltonian generating translations with respect to τ to the Hamiltonian generating translations with respect to t is reduced to a time reparametrization. Indeed, for the interaction picture time evolution to be invariant under change of frame, we need to demand
which, completely analogously to (5), tells us that for the pointlike case
Let us consider that the detector moves along some parametric timelike curve x(t) as seen in the lab frame (an inertial frame we choose to do the quantization of the field). The relationship between the proper time of the detector τ and the lab coordinate time t can be trivially worked out:
and v(t) := dx dt is the velocity of the particle at the instant t measured in the lab frame.
Therefore we can write the relationship between the two times as a total integral
together with a matching condition [for example that v(t 0 ) = 0, or any other]. Eq. (34) implicitly defines the function t(τ ), obtained taking its inverse. Note that if one knows the function t(τ ) by inversion of (34), or alternatively if one has the knowledge of the trajectory in the inertial frame parametrized in terms of proper time (t(τ ), x(τ )) one can compute v[t(τ )] and write the inverse relation as
Therefore, from equation (31), we see that the Hamiltonian DĤ t I (t) that generates translations with respect to the lab frame t can be rewritten in terms of the Hamiltonian DĤ τ I (τ ) that generates translations with respect to the detector's proper time τ as DĤ t
Note how, as anticipated earlier, in the case that the detector moves initially, (36) simply becomes (25) .
VI. EXAMPLES: INVARIANCE OF THE TRANSITION PROBABILITY
We have shown how to obtain the form of the interaction Hamiltonian in different reference frames, and in particular, in the cases of the detector's proper frame and the laboratory frame (an inertial frame where we perform the field quantization). All the results above are nonperturbative in nature, however, as an illustrative example, we can compute explicitly the leading order contribution to the vacuum excitation probability for an atom initially in the ground state, as well as the probability for spontaneous emission if the atom starts in the excited state.
A. Pointlike detector vacuum excitation calculation in the detector's frame
We start from the Hamiltonian (29), after expanding the field in an orthonormal basis of plane wave modes
Since we are interested in models for the light-matter interaction, in the following we will particularize to the massless case, where ω k = c|k|. We can proceed to compute the transition probability assuming that the initial state of the field and detector is the ground state |g, 0 . Using Born's rule
where the sum over states |out represent a sum over an orthonormal basis of possible final states of the field. The time evolution operator in the interaction picture iŝ
being T the time ordering operator. Taking a Dyson expansionÛ
The leading order contribution to the transition probability is given by
Note that the next subleading order is λ 4 because the third order correction to the probability cancels. Substituting the interaction Hamiltonian (29) we get that
Using that out |out out| = 1 1 and that
we can write (42) as
where the vacuum Wightman function is
Upon substitution of the Wightman function in (44) the transition probability can be simplified to
+ O(λ 4 ).
Particularizing to the inertial case
In the particular case where the trajectory of the detector is inertial with some nonzero speed with respect to the lab frame, we get that
where in this case
2 is constant. In this case, the transition probability takes the simple form
whereχ(Ω) := dτ χ(τ )e iΩτ , is the Fourier transform of the switching function. Notice that the transition probability starting from the exciting state instead of the ground state is obtained swapping Ω → −Ω.
B. Pointlike detector vacuum excitation calculation in the lab frame
Starting from (36) , and particularizing for a massless field, we can write the interaction Hamiltonian in the interaction picture generating translations with respect to t as
Now we can proceed again to compute the transition probability assuming that the initial state of the field and detector is the ground state |g, 0 . Using Born's rule and repeating the steps in the previous section but replacing the interaction Hamiltonian with (49), we arrive to
Same as above, using that out |out out| = 1 1 and that
we can write (50) as
Upon substitution of the Wightman function in (51) the transition probability can be simplified as
On this expression we can perform the change of variables
Notice that the dummy variable η plays the same role as τ and t(η) plays the same role as t(τ ) as given by expressions (32), (34) . Therefore we see, as announced, that in this general trajectory pointlike case, (53) yields exactly the same exact expression as in the detector frame calculation (46) .
Particularizing to the inertial case
To illustrate the invariance of the leading order transition probability in an even clearer particular example, let us evaluate explicitly for the inertial case the probability (53): In the particular case where the trajectory of the detector is inertial following the trajectory (47) we get that
2 is constant. In this case, the transition probability (53) takes the simple form
Multiplying and dividing the exponent in the integrand by γ we get
Finally, performing the change of variables suggested in (54) , which in this simple case is
(57) yields
whereχ(Ω) is the Fourier transform of the switching function. This is exactly the same transition probability obtained in the detector frame calculation (48).
C. Vacuum transition probability for an inertial smeared detector
We start now from the smeared detector Hamiltonian (15) and we proceed to compute the transition probability assuming that the initial state of the field and detector is the ground state |g, 0 . Same as in the previous sections, using Born's rule we get
Repeating a calculation completely analogous to the one leading from (38) to (44), we obtain for the smeared case
where the Wightman function is
Let us consider for illustration the problem of computing the transition probability of a smeared atom whose centre of mass undergoes an inertial trajectory parametrized in the lab frame as x(t) = vt.
In that case, t(τ, ξ) and x(τ, ξ) are given by simple Lorentz transformations:
(63) where we have decomposed ξ in components parallel and perpendicular to the velocity of the atom with respect to the lab frame, i.e., ξ = ξ · 
so that we could write the exponent of (64) in the convenient form
Substituting the final expression of the Wightman function (64) into the transition probability (61) we see that the integrals over ξ and ξ ′ become Fourier transforms of the smearing functions, explicitly:
wheref (q) := d n ξ f (ξ)e iq·xi .
Finally,(68) can be further simplified in terms of the Fourier transform of the switching function:
Notice that particularizing for a pointlike detector f (ξ) = δ (d) (ξ) reproduces the result (48) in the pointlike section. Also, note that for v = 0 ⇒ γ = 1 and from (65) Ω −k 0 becomes Ω + |k|.
VII. CONCLUSIONS
In this note we have discussed how the Hamiltonian of particle detectors coupling degrees of freedom of first quantized systems to quantum fields (and in particular the Unruh-DeWitt detector) transform under general changes of coordinates.
The aim of this note was to pedagogically show the form of such Hamiltonians in different frames for particle detectors that may move in relativistic general trajectories with respect to the lab frame, as well as to show that there is no problem associated with the relativistic invariance of the predictions of these models. This is particularly relevant in studies in relativistic quantum information where detectors move in arbitrary trajectories with arbitrary switching functions.
More specifically, we have discussed what is a reasonable prescription for the interaction Hamiltonian of smeared detectors (such as e.g., hydrogenoid atoms) and we have shown the general form of the interaction Hamiltonian under changes of reference frame, paying special attention to the effect on the switching and the smearing functions of the mix of time and space in the coordinate transformation. For illustration, and for didactic purposes, we have also particularized to the common case of pointlike detectors showing a specific calculation of the vacuum excitation probability as well as the spontaneous emission probability to show explicitly the invariance under changes of reference frame.
Finally, note that while we have worked in flat space in this paper, obtaining the same results in curved spaces is not any more involved, and should be straightforward from the work in the paper introducing the determinant of the metric and the metric coefficients where it corresponds, but the procedural details are the same.
